Two different computational techniques for determining the class number of a pure cubic field are discussed. These techniques were implemented on an IBM/370-158 computer, and the class number for each pure cubic field Q(D ' ) for D = 2, 3.9999 was obtained. Several tables are presented which summarize the results of these computations. Some theorems concerning the class group structure of pure cubic fields are also given. The paper closes with some conjectures which were inspired by the computer results.
1. Introduction. The theory of pure cubic fields QiDxl3),D rational, was founded in 1892 by Markov [12] ; in his paper he gives some class numbers and fundamental units, not always in an explicit form. In [7] Dedekind describes a method for determining the class number of a pure cubic field Q{DX^3). He also gives a short table of class numbers for some small values of D. Cohn [6] implemented Dedekind's method on a computer and obtained class numbers for some fields in which he could easily determine the regulator. Cohn's technique was modified somewhat by Beach, Williams, and Zarnke in [4] , and class numbers were obtained for QXP1 /3) for D = 2, 3, . . . , 999. Other tables of class numbers have been calculated by hand by Cassels [5] and Selmer [14] . It should also be mentioned that Angelí [1] has recently given a list of class numbers for all cubic fields with negative discriminant greater than -20, 000.
The purpose of this paper is to present a new technique for determining the class number of Q{D1'3). This method is much faster than the computational technique of [6] and [4] . The algorithm was implemented on a computer and the class numbers for Q{Dl/3) obtained for D = 2, 3.9999.
The total number of these fields is If D is an integer which is not a perfect cube and K -Q{D1/3), the cubic field formed by adjoining D1 '3 to the rationals, we call K a pure cubic field. Let D be a cube free integer and let D = ab2, where a, b are square free. We have A = -3k2, where !3ab when a2 Ï b2 (mod 9), 2 2 ab when a =b (mod 9).
If a2 ^ b2 (mod 9), we say (after Dedekind) that K is of type 1 ; otherwise, we say that K is of type 2.
In K, a{j) is a multiplicative function with a(l) = 1;
for /f of type 1, for K of type 2; <xipn) =0, p is a prime, p ¥= 3, and p | k.
If p is a prime and p = -1 (mod 3), p\k, Mention should also be made of a special divisibility property of«. In order to do this we first need some notation.
Let the number of distinct primes which divide k be to, the number of distinct primes of the form 3f + 1 which divide k be to,, and the number of distinct primes dividing k which are congruent to either ±2 or ±4 modulo 9 be to0. If to0 = 0, put e = 0; otherwise, put e = 1 ; also, put to* = to -1 -e. Let rn be the 3" rank of the class group of K, and let r = ¿Zrn; then 3r||«.
It has been shown [3] , [10] , [11 ] , [8] that ( ' max(tOj, to*) < r, < to, + to*.
Hence, if v = max(tOj, to*), then 3v\h.
3. Estimation of 4>(1) for Q(D1^3). We start by defining the multiplicative functions ß(j) and /?*(/)■ We first put j3*(l) = 0(1) =1. If p is a prime and p = -1 (mod 3), we define 1, « even, odd.
ß*iPn) = (KPn) = {1: n 10, « If p is a prime and p = 1 (mod 3), we define W) = ßip") = 1 + «.
Finally, we define ß*{3") = 0 and 0(3") = 1. If K is of type 1, we have -x/iß*U) < <*(/) < 0*0'); and if K is of type 2, we have -#0(/) < <*0') < 00')- and from a result of Barrucand [2] , it follows that <*>(!) = Z ^e-'c + cf. cii)E{jC),
where E{y) = Ç {e~x/x) dx. Putting were also tabulated for x = 500(500)104 and « = x/10, 2x/10, 3x/10, . . . , 2x by putting m = min(|^^|,105}
forG, and «z = minl |^i|,105l forG*.
All of these tables were calculated by computer and then stored on a disk file for easy access. The following computer algorithm was then used to determine «.
For any value of D, the computer first calculated the value of R by using Voronoi's Algorithm (see [4] ). It then put x equal to the first multiple of 500 which exceeded ab and selected « from the stored tables of G, G* and M to be the least value of z'x/10 (z = 1, 2, 3, . . . , 20) such that \G*{n, m,x)+H{m)+.05 when K is of type 1, A3 R ^> \ I G(«, «z, x) + H{m) + .05 when K is of type 2.
With this value of«, A{ri) and subsequently « were easily computed. <72/(<7-D2
[q2l{q2 +q + 1) when {D\q)3 * 1.
If we put the partial product P(0 = X\® f{q), we can estimate a value for <D (1) by using a sufficiently large value of Q. The difficulty in using this formula lies in determining how big Q should be. In [15] Shanks made use of a similar Euler product to obtain class numbers for some special cubic fields. He (private communication) evaluated his partial Euler products using the first 500, 1000, 1500, etc., primes. When his estimate for the class number remained within .1 of the same integer for 6 consecutive partial Euler products, he took this integer as the class number. We used this same criterion for estimating <1>(1) and discovered that in most cases only 3000 primes were needed in order to evaluate «. This method is very simple to program and executes from two to five times more rapidly than the technique described in Sections 3 and 4. It must, however, be emphasized that this procedure is not as rigorous as our first method. We cannot obtain bounds for the error on using the partial product that are as useful as the bounds we can obtain using our formulas for A{n). The criterion which we do use for estimating <J>(1) by P{Q) is one which is simply convenient for our calculations.
If, after Neild and Shanks [13], we put E{Q) = 1000(7>(ß) -<Ï>(1))/<J>(1), the relative error in parts per thousand on using P{Q) to approximate 4>(1); and if we use 5000 primes to evaluate E{Q), we get the following distribution for E{Q) for the 166 pure cubic fields Q{D113) where 8000 <D < 8200. This distribution is typical of the sort of distribution we get for E(Q) for the pure cubic fields Q{Dl /3) (2<£><104). period for D1/3, the regulator of Q{Dl/3), the class number, and $(1), has been deposited in the U.M.T. file. We present here some selected results from that table. In Table 1 we give each value of « which occurs in the large table, the frequency gih) with which this « occurs, and the least value of D such that « is the class number for ÔP1/3).
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In Table 2 we give the number «z of values of D in the ranges 1000(z -1) to 1000/ (i = 1, 2, 3, . . . , 10) for which the class number of Q(D1'3) is unity. Denote by R(d) and 4>d(l) the value of the regulator and the value of 4>(1) for Q(dll3), respectively. In Table 3 we give those values of D and 4»D(1) such that *0(1) < %(l) for all 0 < d < D. Finally, in Table 5 we give those values of D, R(D) and /, the length of Voronoi's algorithm period off)1/3, such that where / is either a prime of the form 1 + 3r or / = 9. Since («IO3 = U / 1 or 1, the character is completely determined when we select a cubic nonresidue «0 and define the value of («011) as either / or / .
From the inequality (2.1), we see that rx is known exactly in four cases.
(1) to, =0, r, = to*. 3   3  3  12  3  3  3  6  3   3   51 To prove Theorem 2, we require a list of D values in which all possibilities for the distribution of characters are present. It can be verified in Table 6 A part of these conjectures may be proved by using some unpublished results of Gerth [9] , but no theory concerning r2 seems to be known. For example, if D = p =
